Constant-phase element ͑CPE͒ behavior may be attributed to the distribution of physical properties in films, in the direction normal to the electrode surface. Numerical simulations were used to show that under assumption that the dielectric constant is independent of position, a normal power-law distribution of local resistivity is consistent with the CPE. An analytic expression for the impedance corresponding to a power-law distribution of resistivity was developed and used to establish a relationship between parameters for the CPE and physical properties of the film. The resulting impedance response was compared to that obtained from the Young resistivity distribution. © 2010 The Electrochemical Society. ͓DOI: 10.1149/1.3499564͔ All rights reserved. Models invoking constant-phase elements ͑CPEs͒ are often used to fit impedance data arising from a broad range of experimental systems. The CPE impedance is expressed in terms of model parameters ␣ and Q as
Models invoking constant-phase elements ͑CPEs͒ are often used to fit impedance data arising from a broad range of experimental systems. The CPE impedance is expressed in terms of model parameters ␣ and Q as
Equation 1 is representative of a blocking system with an infinite low-frequency impedance. When ␣ = 1 the system is described by a single time-constant and the parameter Q has units of capacitance; otherwise, Q has units of s ␣ /⍀ cm 2 or Fs ͑␣−1͒ /cm 2 . 1 The physical origins of the CPE are controversial. CPE parameters are considered to arise from a distribution of time-constants. The time-constants may be distributed along the surface of an electrode or in the direction normal to the electrode. 2 Distributions of time-constants result from distributions of physical properties including structure, reactivity, dielectric constants, and resistivity.
Jorcin et al. 2 have used local electrochemical impedance spectroscopy to attribute CPE behavior seen in the global measurements to either surface or normal time-constant distributions. Normal distributions of time-constants can be expected in systems such as oxide films, organic coatings, and human skin. Such time-constant distributions, as noticed in Ref. 3 , involved either dielectric-system dispersion or conductive-system dispersion. Here for materials under investigation such as oxides and even human skin, the range of values expected for a dielectric constant should be much narrower than that expected for resistivity. For other materials, such as ionic glasses, the analysis of dispersed frequency response was developed by Macdonald. 4, 5 Yamamoto and Yamamoto 6 have used a rectangular probability function to model resistivity distributions. The Young model, developed for niobium oxide, assumes an exponential distribution of resistivity within a material. 7 Yamamoto and Yamamoto 8 and Poon and Choy 9 used exponential resistivity profiles to model the impedance of human stratum corneum. Bojinov et al. 10 and Schiller and Strunz 11 used the Young model to fit electrochemical impedance data and predict physical properties, including film thickness. Schiller and Strunz 11 derived an approximate relationship between the Young model parameter, , and the CPE parameter, ␣.
Hirschorn et al. 12 have shown that the exponential resistivity distribution proposed by Young does not give rise to CPE behavior. The objective of the present work is to develop physical models that can account for the appearance of the CPE in systems where the variation of properties is expected in the direction normal to the electrode surface.
Resistivity Distribution
The approach taken by Brug et al. 13 to model CPE behavior was to assume that the CPE originated from a surface distribution of time-constants with uniform Ohmic and charge-transfer resistances. The time-constant dispersion therefore was assumed to originate from a distribution of capacitances. The mathematical development of the distribution functions using the methods of Fuoss and Kirkwood 14 yielded a normalizable probability distribution. The method of Fuoss and Kirkwood could not, however, be applied to a normal distribution of time-constants with equal values of capacitance because the resulting probability distribution could not be normalized.
Mixed conducting materials ͑parallel electrical and ionic conductions͒ can be described by a series of Voigt elements ͑Fig. 1͒. This approach was used by Bojinov et al. 15 to derive their mixed conduction model for the metal/passive film/electrolyte system. Much earlier, the case of a film with a uniform dielectric constant and an exponential distribution of resistivity was considered by Young. 7 Bojinov et al. 15, 16 then provided a physical basis for Young's assumptions.
An original approach was employed in the present work in which regression of a measurement model 17, 18 to synthetic data yielded a distribution of time-constants. The synthetic data were generated following Eq. 1 and were regressed to the Voigt measurement model, expressed as
yielding a discrete number of time-constants i = R i C i and resistance values R i that fit the synthetic data. Following the procedure described by Agarwal et al., 17, 18 sequential Voigt elements were added to the model until the addition of an element did not improve the fit. Model parameters were rejected that included zero within their 95.4% ͑2͒ confidence interval.
According to the model presented in Fig. 1 , the RC timeconstants are assumed to be associated with differential layers of the film. The differential capacitance C i was obtained from the regressed parameters R i and i by
The fits obtained by regression of the Voigt measurement model to synthetic CPE data are shown in Fig. 2a-c for the real part of the impedance, the imaginary part of the impedance, and the phase angle, respectively. The corresponding values for resistance and capacitance are presented in Fig. 3a and b as functions of the timeconstant . The values of R i and C i for the largest time-constants do not conform to the pattern seen for the values at other timeconstants. This can be attributed to the difficulty in fitting blocking systems with a Voigt model, which has a finite impedance at the dc limit. For this reason, these points were not considered in the subsequent analysis.
A similar approach was taken by Orazem et al., 19 in which the distribution of resistance values obtained by regression of a Voigt model to synthetic CPE data was considered to represent the weighting applied to a distribution of time-constants. Orazem et al., 19 however, did not explore the variation of capacitance required to simulate CPE behavior with a Voigt model. As shown in Fig. 3b , the capacitance values required to fit the CPE data varied as much as 2 orders of magnitude. For most experimental systems the variation in local dielectric constant is not expected to encompass such a broad range.
The local capacitance is related to local dielectric constant ⑀ i by
where ⑀ 0 is the permittivity of vacuum and d i is the thickness associated with element i. The local resistance can be expressed in terms of a local resistivity i as
The time-constant 
is independent of the element thickness. The variability of capacitance could be interpreted, for a uniform dielectric constant, as being a consequence of a changing element thickness. This interpretation has consequences for local resistivity. According to Eq. 5 and 6, the resistivity is given by
A resistivity distribution model can, therefore, be inferred from the regressed values for i and C i . The local resistivity was calculated according to Eq. 7. The discrete resistivity values were arranged monotonically with their corresponding element thickness interpreted in terms of a local position such that
The results are presented in dimensionless form in Fig. 4 , where the symbols represent the discrete values of resistivity calculated from the regressed parameters, = x/␦ represents the dimensionless position, and ␦ is the thickness of the layer
As shown in Fig. 4 , the dimensionless resistivity follows a nearly linear profile on a logarithmic scale which can be expressed accord-
where ␦ is the resistivity at = 1 and ␥ is a constant indicating how sharply the resistivity varies. A distribution of resistivity which provides a bounded value for resistivity is proposed to be
͓11͔
where 0 and ␦ are the boundary values of resistivity at the interfaces. It is worth noting that while Agarwal et al. 17, 18 have insisted that the measurement model, as used for analysis of error structure, has no physical meaning, in the present application, the Voigt measurement model has meaning in terms of the normal distribution of resistivity and dielectric constant. Under assumption of a uniform dielectric constant, an impedance response showing blocking CPE behavior can be explained in terms of a power-law distribution of resistivity. In the subsequent section, Eq. 11 is used to develop models for the impedance response of surface films.
Impedance Expression
Under assumption that the dielectric constant is uniform, the impedance of the film can be written for an arbitrary resistivity distribution ͑x͒ as
can be written in terms of dimensionless position
When the frequency tends toward zero
which can be expressed in terms of the impedance of the circuit shown in Fig. 1 as 
When the frequency tends toward infinity
Introduction of the resistivity profile given in Eq. 11 yields
where
͓19͔
An analytic solution to Eq. 17 is possible for some integer values of ␥. For example, when ␥ = 3
where k = ͑a͑͒/b͒ 1/3 . Under the condition that 0 ӷ ␦ , k is less than 1 for Ͻ ͑ ␦ ⑀⑀ 0 ͒ −1 and Eq. 20 reduces to
is derived for the special case of ␥ = 3. A general expression of the impedance can be proposed in the same form as
where g is a function of ␥ and, in the case of ␥ = 3, g = 2/3 ͱ 3.
The comparison of Eq. 22 to the numerical integration of Eq. 17 shows that this expression is general and can be applied for all ␥ Ͼ 2 over a broad range of frequencies. The real and imaginary parts of the impedance obtained by numerical integration of Eq. 17 are presented in Fig. 5a and b, respectively, with ␥ as a parameter. The lines represent the evaluation of Eq. 22 where the numerical value of g was obtained at the zero frequency limit of Eq. 22 according to the expression
and where Z f ͑0͒ is obtained from numerical integration of Eq. 17 at = 0. Equation 22 provides a good agreement with numerical integration of Eq. 17 for frequencies below a characteristic frequency given as f ␦ = ͑2 ␦ ⑀⑀ 0 ͒ −1 . A numerical evaluation was used to confirm that g can be expressed as a function of only ␥ and is independent of other system parameters. As shown by Fig. 6 , the value of g ranges between 1 and 1.6 for 0 ഛ 1/␥ ഛ 0.5. An interpolation formula
͓24͔
could be obtained that adequately represents the function in the range 0 ഛ 1/␥ ഛ 0.5. As shown in Fig. 5a and b, the analytic expression provided by Eq. 22 is in agreement with the numerical solution of Eq. 17 for Ͻ ͑ ␦ ⑀⑀ 0 ͒ −1 . In the low-frequency range, for Ͻ ͑ 0 ⑀⑀ 0 ͒ −1 ͑or f Ͻ f 0 , as shown in Fig. 5 , where
as defined in Eq. 14 or in the limit of = 0 in Eq. 22. In the high-frequency range where Ͼ ͑ ␦ ⑀⑀ 0 ͒ −1 , Z j ͑͒ is equal to 1/jC for all values of ␥, in agreement with Eq. 16. Equation 22 is in the form of the CPE for Ͼ ͑ 0 ⑀⑀ 0 ͒ −1 , i.e. 
Therefore, Eq. 22 yields the impedance given by Eq. 1 for
Inspection of Eq. 26 suggests that 
͓29͔
Equation 27 provides the analytic expression for the relationship between ␣ and ␥ suggested by the results presented in Fig. 4 . The impedance corresponding to Eq. 22 is presented in Fig. 7 for ␥ = 6.67 ͑␣ = 0.85͒ in Nyquist coordinates. The high-and lowfrequency behaviors of the impedance are not symmetric. The asymmetric behavior is easily seen in Fig. 5 . In high frequency, a CPE response is evident, whereas the low-frequency behavior corresponds to a pure capacitive loop.
Discussion
An analytic expression for the impedance response associated with a power-law distribution of resistivity was developed in the previous section. It is useful to explore the conditions under which this model can be used to extract physical parameters from experimental data. It is also useful to compare this impedance response to the impedance obtained from other resistivity distributions reported in the literature.
Extraction of physical parameters.-The frequency range for which the impedance response provided by Eq. 17 is consistent with the CPE is presented in Fig. 5 . Generally, ⑀ is known from independent measurements. Operation in the frequency range f 0 Ͻ f Ͻ f ␦ provides only the product ␦ ␦ 1−␣ given by Eq. 29. Therefore, measurements for f Ͼ f ␦ are required to obtain separately the film thickness ␦ and the interfacial resistivity ␦ . Measurements for f Ͻ f 0 are required to obtain the interfacial resistivity 0 . Application to experimental data is reported in a companion paper. 20 Comparison to the Young model.-The impedance corresponding to a power-law distribution of resistivity ͑Eq. 22͒ can be compared to the impedance obtained using an exponential resistivity distribution as proposed by Young. 7, 21 The Young resistivity distribution can be expressed as
where 0 is the resistivity at the surface and represents a characteristic length. An analytic expression for the impedance resulting from Eq. 12 can be found for an exponential distribution of resistivity to be , as was first calculated by Göhr et al., 22, 23 is known as the Young impedance 7, 21 and is widely used to model impedance data arising from a film. Hirschorn et al. 12 have shown that the Young impedance yields a pseudo-CPE response in which the CPE parameters, ␣ and Q, are weak functions of frequency over a limited frequency range. Their work also shows that the range for ␣ obtained from the Young model is limited to values greater than roughly 0.8.
Simulation results are presented in Fig. 8 for power-law and Young resistivity distributions. The parameters used for the powerlaw distribution were 0 = 1 ϫ 10 12 ⍀ cm, ␦ = 2 ϫ 10 7 ⍀ cm, and ␥ = 6.67. The corresponding simulations for the Young distribution used the same value of 0 and = 9.24 nm ͑in agreement with a low-field approximation 24 ͒, yielding the value of ␦ used in the power-law simulations. In this case, the characteristic frequency f ␦ = 9 kHz is well below the largest frequency of 100 kHz used in the calculations.
An inflection is seen at f = 9 kHz in the plots given in Fig. 8b and c. The resistivity profiles used in the calculations are presented in Fig. 9a . While a model assuming a continuous resistivity variation over distances Ͻ0.1 nm would be physically meaningless, it is reassuring that in Fig. 9a , the asymptotic resistivity value is ͑almost͒ already reached for 1 nm. The values of d log͉Z j ͉/d log f corresponding to Fig. 8 are presented in Fig. 9b . As discussed by Orazem et al., 25 at high frequency, the slope dlog͉Z j ͉/dlog f = −␣, and at low frequency, dlog͉Z j ͉/dlog f = +␣ for a system that shows CPE behavior. The value of ␣ for the power-law model at high frequencies is independent of frequency in the range of 1 Hz-9 kHz, in agreement with a pure CPE behavior. In contrast, a pseudo-CPE behavior is seen for the Young model at frequencies between 1 Hz and 9 kHz. For both distributions, ␣ changes to a value of 1 for frequencies higher than 9 kHz, and the low-frequency response yields ␣ = 1. Under conditions where f ␦ is within the measured frequency range, CPE behavior or, for the Young model, pseudo-CPE behavior is not seen at the high-frequency limit. For such a case, C eff can be directly determined at f Ͼ f ␦ .
Variable dielectric constant.-If the resistivity distribution results from an inhomogeneous layer composition, then a profile for the dielectric constant may also be expected. The variation of dielectric constant, however, should be small and generally limited to less than a factor of 2 or 3. The present work shows that a distribution of RC time-constant over many orders of magnitude is required to yield CPE behavior over a broad frequency range; thus, this distribution cannot be explained by variation of dielectric constant alone. The present limiting case of a distributed resistivity and a uniform dielectric constant accounts for the dominant effects, since a variable dielectric constant represents a second-order effect as compared to the variable resistivity.
Conclusions
The present work shows that, under assumption that the dielectric constant is independent of position, a normal power-law distribution of local resistivity is consistent with the CPE. This result was obtained by simply asking which normal resistivity distribution would yield CPE behavior for a system with a uniform dielectric constant. Thus, explicit consideration of a physical model was not needed. The formalism treated here, for example, does not account explicitly for formation of a space charge region as would be expected for material exhibiting semiconducting properties. As the capacitance of a space charge region could be expressed in the form of Eq. 4 in which the length d i is replaced by the Debye length, the present approach may potentially be applied approximately for semiconducting materials. Excellent results were described, for example, for application of a power-law resistivity distribution to obtain properties of a passive film on Fe-17Cr. 20 The power-law resistivity distribution provides a physically reasonable interpretation of the CPE for a broad class of systems where a variation in properties is expected in the direction normal to the electrode. The analytic expression for the resulting impedance provides a useful relationship between system properties and CPE parameters. Fig. 8c .
